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Let us consider two observables 4 and B. Let (A4} = {PIA|¥ > be the
expectation value of A in a given state W(normalised to unity) and let
{B)={Y|B|¥ be the expectation value of B in the state ¥, We define the
uncertainty A4 to be '

Ad=[{{A =431 ' [5.99]
so that . ' S .
{AA)? = (A~ AP D> ={A2) —(A4)? [5.100]




is the mean-square deviation about th i
€ expectation value . Simi
define the uncertainty AB to be (42- Similasly, we

AB=[{(B—(B))*)]¥. [5.101]
We shall now prove that
7 3
t 1 :
| | L_fi{BézK[A,B])f. 1 [5.102]
To this end, we first introduce the linear Hermitian operators
/T:Aﬁ<A>, E:B‘<B> - [5.103]

which are such that their ex i :
pectation values
we have vanish. In terms of these operators,

(Ad)* =A%y, (AB)* = (B2 [5.104]
and we also note that

EE,E]:[A—<A>,B%<B>]=[A,B]- [5.105]
Next, we consider the linear (but not Hermitian). operator

where A is a real constant. The adjoint of C is the operator CT= 4 —ilB and
- we note that the expéctation value of CC' is real and non-negative, since

(CCTH={PICCHPY =(CTPICW> 20, . [5107]

From [5.106] and [5.107] it follows that the expectation value

C(A+B)A—iiB)) =A%+ 2B —il[A,B]> [5.108]

is real and non-negative, Using [ 5.1087, [5.104] and [5.105], we see that the
function

F(A)= (A% + A2(B*) — L[4, BT}
=(Ad4)? + A*(AB)* —ii{[ A4, B]) [5.109]

is also real and non-negative, which implies that ([ A, B]) is purely imaginary.
Now, the function f(1) has a minimum for

_i<{[4,B]>
=3 (AR {3.110]
and the value of f{1) at the minimum is
) =(A4)* +1M. [5.111]

4 (AB)?

Since this value is non-negative, we must have
1]
(A4)*(AB)* 2 *ZK[A,BJ))’“ [5.112]

and the property [5.102] follows Ey remembering that ([ 4,B7) is purely
imaginary.

For two observables which are canonically conjugate, so that [ A, B] = i#,
we have{[ 4, B]> =1k and we therefore deduce from [ 5.1127] that

B o
AAABBi. [5.113]
In particular, for the pairs of canonically conjugate variables (x, p,), (y,p,) and

(z,p.), we can state the position—momentum uncertainty relations in the precise
form :

b | &

h
, AyAp, =

E, AZApZ =

ro|

AxAp, > [5.114]

with
Ax=[{{x—=<x3P>]"2, Ap. =[P —<p.2)* > [5115]
and similar definitions for Ay, Ap,, Az and Ap,.
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